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Abstract
We study ten-dimensional Einstein - Yang - Mills model with the space of ex-
tra dimensions being a non-symmetric homogeneous space with the invariant metric
parametrized by two scales. Dimensional reduction of the model is carried out and the
scalar potential of the reduced theory is calculated. In a cosmological setting minima
of the potential in the radiation-dominated period that followed the inflation are found
and their stability is analyzed. The compactifying solution is shown to be stable for
the appropriate values of parameters.
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1 Introduction
Since the seminal papers [1] by Th. Kaluza and O. Klein the idea of geometric unification
of interactions based on the assumption that spacetime has more than four dimensions has
been attracting considerable attention. The standard assumption in this approach is that
multidimensional spacetime is modelled by the direct product
E(4+d) = M(4) × I(d), (1)
whereM(4) is the macroscopic four-dimensional spacetime and I(d) is a d-dimensional compact
Riemannian manifold corresponding to the space of extra dimensions, which is often referred
to as the internal space. The characteristic size L of I should be small enough so that
extra dimensions do not show up at least up to the energies of the order of 1TeV . It is
also required that the geometry of spacetime with such structure satisfies the equations of
motion. If this is true then extra dimensions might curl up to a space of small size at an early
stage of the evolution of the Universe as a result of a dynamical process called spontaneous
compactification.
The main idea of introducing the extra dimensions is that they serve the purpose of
unifying different interactions in four dimensions. In the original papers [1] Kaluza and Klein
considered pure gravity on five-dimensional spacetime M4×S1, where M4 is the Minkowski
space, which led to the electromagnetism coupled to Einstein gravity after reduction to four
dimensions. In order to get non-abelian gauge fields in the reduced theory one has to consider
internal spaces I with a non-abelian isometry group G [2] - [5]. However, this scheme has
some difficulties. One of them is that there are no spontaneous compactification solutions
with the direct product structure M(D) = M
4 × I, where space I has non-abelian isometry
group. It should be mentioned that situation will be different if quantum corrections are
taken into account. Spontaneous compactification solutions in multidimensional gravity in
the framework of Vilkovisky-De Witt effective action formalism were analyzed in series of
papers, see for example [6]. Another problem in the standard Kaluza-Klein approach is that
after adding fermions to the multidimensional action it is impossible to get chiral fermions
after reduction to four dimensions [7].
Alternatively one may add Yang-Mills fields to (4+d)-dimensional action [8]. The Yang-
Mills fields give rise to gauge fields and Higgs fields with a self-interacting symmetry breaking
potential in four dimensions (see [9] - [12] for examples and [13], [14] for reviews). In fact
multidimensional Einstein-Yang-Mills theories appear quite naturally as a part of the bosonic
sector in supergravity and superstring models (see [4], [15] for reviews). As it was shown by
Cremmer and Sherk and Luciani [16] compactifying solutions exist in such theories which
correspond to a factorization of spacetime of the type (1) with a size L of the order of the
Planck length, L ≈ LP l ≈ 10−33cm. Spontaneous compactification in a cosmological setting
was studied in series of papers (see [17] - [20] for example). In this approach it occurs as
a result of evolution in the early Universe when the scale factor of three spatial dimensions
increases up to its observed macroscopic value while the scale factor L(t) of the internal
space is static or slowly varying and small. In particular, the process of compactification
in Einstein-Yang-Mills theories with the internal space I being a symmetric homogeneous
space G/H was analyzed in [21], [22]. In those papers the geometry of the space of extra
dimensions was described by G-invariant metrics characterized by one scale.
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The important issue is that of the stability of the spontaneous compactification solu-
tions. It has been shown that some of them are stable against symmetric [10], [21] and
general [23] small classical fluctuations. In [22] the problem of stability of compactification
in a multidimensional Einstein-Yang-Mills model in the radiation-dominated period, which
followed the inflationary expansion of three spatial dimensions, was studied. In that analysis
temperature was introduced by allowing the three dimensional components of the strength
tensor of gauge fields to be non-zero.
Considering compactification for the class of invariant metrics on a symmetric space, as a
space of extra dimensions, is an analysis in the spirit of mini-superspace approach. In general
we should consider the same problem for more general geometries. This will also enable us
to understand what we really learn about the process of compactification from the analysis
for the symmetric internal space. The first step in this direction is to take into account ge-
ometries with the same topology corresponding to a non-symmetric extension of the internal
space, which are described by invariant metrics with more than one scale. It is known that
all extrema of the action in the class of configurations corresponding to the symmetric in-
ternal space G/H will be extrema of the action in the class of configurations corresponding
to its non-symmetric extension. The important question is whether the minimum of the
potential in the symmetric case remains stable against non-symmetric fluctuations. Also it
is rather interesting to find non-symmetric vacua of the model and to understand their role
in the spontaneous compactification. The next step, which is not considered in the present
paper, would be to understand whether the symmetric case was more preferrable dynami-
cally, namely whether the system tended to evolve to a symmetric configuration and thus
to restore higher symmetry dynamically. If it is so, this will be a justification of considering
symmetric spaces and invariant metrics on them as ”the first approximation” in the analysis
of spontaneous compactification. We are going to address this issue elsewhere.
We will study these questions in case of an Einstein-Yang-Mills model on ten-dimensional
spacetime M(4) × I, where I is the non-symmetric homogeneous space I = SO(5)/SU(2)×
U(1). Our results will be extensions of the results of [12] and [22]. As it was mentioned
above stability of compactification of extra dimensions to symmetric homogeneous spaces at
the post-inflationary period (with non-zero temperature taken into account) was studied in
[22]. It was assumed there that spacetime had the form
E(4+d) = R
1 × S3 ×G/H, (2)
where R1 denotes a timelike direction, S3 represents the three-dimensional space and G/H
is the symmetric space of extra dimensions. In the present paper we extend this analysis by
considering compactification to a non-symmetric homogeneous space G/H . In [12] solutions
of spontaneous compactification corresponding to the spacetime structureM4×G/H (M4 is
the Minkowski spacetime) with non-symmetric internal space G/H = SO(2k + 1)/SU(k)×
U(1) were considered. Here we will consider the internal space of the same type with k = 2
(we believe that in the cases when k > 2 results are qualitatively the same) but will look
for the compactifying solutions in a cosmological setting, i.e. of the form (2), with non-
static scale factor a(t) of the three-dimensional space. The relation between spontaneous
compactification solutions with M(4) =M
4 and compactifying solutions in the cosmological
setting with M(4) = R
1 × S3 is discussed in the Appendix. We will find all compactifying
solutions in the model under consideration for non-zero temperature and analyze their role
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for the compactification of extra dimensions.
The paper is organized as follows. In Sect. 2 we present some general results from the
theory of G-invariant metrics and G-symmetric gauge fields. This is the set of configurations
in which compactifying solutions will be searched. We also discuss the action of a dimen-
sionally reduced Einstein-Yang-Mills theory. In Sect. 3 we consider dimensional reduction of
the model with non-symmetric internal space G/H = SO(5)/SU(2)×U(1) and multidimen-
sional gauge group K = SU(2 +m). There nonvanishing three-dimensional components of
the gauge field, which model the radiation that dominates the energy density of the Universe,
will be taken into account. The effective potential W of scalar fields in four dimensions will
be calculated. In Sect. 4 we consider this potential in the case of zero temperature, find
its extrema and analyze their stability. These results are compared with those obtained in
[12] and [21]. Similar analysis but with non-zero contributions from radiation is carried out
in Sect. 5. It is shown that there are a stable minimum corresponding to compactifying
solution with the symmetry of the symmetric space, two minima, which correspond to de-
compactification of all or part of extra dimensions when the temperature goes to zero, and
two saddle points. Sect. 6 contains our conclusions.
2 Dimensional reduction of Einstein-Yang-Mills theo-
ries
In this section we discuss dimensional reduction of an Einstein-Yang-Mills theory on (4+d)-
dimensional spacetime E(4+d) = M(4) × G/H . For the sake of generality results for the
internal space being an arbitrary compact homogeneous space are presented here. In the
following sections we will restrict our analysis to a particular model with non-symmetric
coset space G/H = SO(5)/SU(2) × U(1). In a cosmological setting the four-dimensional
part of multidimensional spacetime is often assumed to be, in large scales, of the closed
Friedman-Robertson-Walker type M(4) = R
1 × S3 (see (2)), we will specify our formulas to
this case in the following sections.
The large-scale dynamics of the multidimensional Universe is described by the reduced
theory. At the post-inflationary period, which we are going to consider, the bosonic sector
dominates. It is believed that inclusion of fermions will not lead to any qualitative change
in the analysis of spontaneous compactification. Thus the Einstein-Yang-Mills theory in
multidimensional spacetime seems to be a reasonable model to study spontaneous compact-
ification. The action of such theory with gauge group K on multidimensional spacetime (1)
is given by
S = SE + SYM , (3)
SE =
1
16πκˆ
∫
E(4+d)
dxˆ
√
−gˆ(Rˆ− Λˆ), (4)
SYM =
1
8eˆ2
∫
E(4+d)
dxˆ
√
−gˆT rFˆMN FˆMN , M,N = 0, 1, . . . 3 + d, (5)
where gˆ = det(gˆMN), R is the scalar curvature, κˆ, Λˆ and eˆ are the gravitational, cosmological
and gauge constants in (4 + d) dimensions respectively and FˆMN is the stress tensor of the
gauge field AˆM .
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To study the cosmological evolution of the model associated with the action (3) - (5)
we restrict ourselves to spatially homogeneous and (partially) isotropic configurations. In
mathematical terms this means that the metric is invariant and the gauge field is symmetric
under the action of the group SO(4)× G, where SO(4) is the isometry group of the three-
dimensional space S3 = SO(4)/SO(3) and G is the isometry group of the internal space
G/H (cf. (2)). This class of configurations will play an important role in our analysis and
we are going to describe them now. Our exposition of the main results of the theory of
symmetric fields will be based on [3], [13], [14], [24].
Let us consider a spacetime Mn×S/R, where Mn is the n-dimensional Minkowski space,
S is a compact Lie group and R is its closed subgroup (we will take Mn = R1 and S/R =
SO(4)/SO(3) × G/H = S3 × G/H). In the construction of S-invariant metrics and S-
symmetric gauge fields an important role is played by the so-called Cartan 1-form. To
define it consider some choice of representatives σ(y) ∈ S in the cosets y ∈ S/R such that
[σ(y)] = y. σ(y) can be viewed as a (local) section in the principle bundle S → S/R. The
Cartan 1-form θ on S/R is defined as the pullback of the canonical left-invariant form on
the group S:
θ(y) = σ
−1(y)dσ(y). (6)
The form θ takes values in S = Lie(S), the Lie algebra of the group S. We assume that
the space S/R is reductive, i.e. S can be decomposed into the direct sum of linear subspaces
R = Lie(R) and its complement M as follows
S = R⊕M, (7)
[R,M] ⊂M. (8)
The subspaceM can be identified with the space tangent to S/R at the point o = [R] ∈ S/R.
In general it is reducible under the adjoint action of the algebra R and can be further
decomposed into irreducible subspaces:
M =
k∑
p=1
Mp, (9)
ad(R)Mp ≡ [R,Mp] ⊂Mp.
We will assume for simplicity the representations of R in Mp and Mp′ (p 6= p′) to be
inequivalent. In accordance with (7), (8) the Cartan form (6) can be decomposed as
θ = θR +
k∑
p=1
θMp , (10)
θR =
dimR∑
a¯=1
( θR)
a¯ Ta¯, θMp =
dp∑
i=1
θp,iTp,i, (11)
where 1-forms θR and θMp take values in R and Mp respectively, {Ta¯, a¯ = 1, . . . , dimR} is
a basis in the Lie algebra R, dp = dimMp and {Tp,i, i = 1, . . . , dp} is a basis in the subspace
Mp. We choose {Tp,i} to be orthonormal with respect to an adR-invariant scalar product
in M.
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The 1-forms θp,i form a local moving co-frame on S/R. In this co-frame the components
of an S-invariant metric on S/R are independent of the local coordinates ym (m = 1, . . . , d =
dimM) and its most general form for the appropriate choice of the basis in M reads
γ(y) =
k∑
p=1
L2p
dp∑
i=1
θp,i(y)θ
p,i
(y). (12)
Then the S-invariant metric on Mn × S/R at point xˆ is given by
gˆMN(xˆ) =
(
gµν(x) 0
0 γmn(x, y)
)
, (13)
where xˆ = (xµ, ym), x ∈ Mn, y ∈ S/R, gµν(x) is an arbitrary metric on Mn. The metric
components γmn are determined by (12) with Lp depending on x, Lp = Lp(x), which have
the dimension of length and characterize the ”sizes” of the internal space at point x.
Let us now discuss S-symmetric gauge fields on S/R. Here S-symmetry means that the
fields are invariant under S-transformations up to a gauge transformation. Thus, both the
group S of spatial symmetry and the gauge group K are involved in this definition. Indeed,
an S-symmetric gauge field on Mn × S/R is characterized by a homomorphism λ of the
isotropy group R ⊂ S to the gauge group K: λ : R → K, and its components AˆM(xˆ) can
be read from the 1-form Aˆ = AˆM(xˆ)dxˆ
M given by
Aˆ = Aµdx
µ + λ(θR) + φx(θM). (14)
This formula is the result of Wang’s theorem [24]. Here Aµ(x) is a gauge field on M
n with
the gauge group C = {c ∈ K|λ(r)cλ(r)−1 = c for all r ∈ R} ⊂ K, the centralizer of
λ(R) in K. φx in (14) is a mapping from M to K = Lie(K), φx : M → K, which is an
intertwining operator. Its structure is determined by the irreducible representations of R in
M and K, and it can be constructed as follows. Let us, in addition to the decomposition
(9), also decompose K into irreducible representations with respect to adλ(R). Suppose that
we have
K = λ(R)⊕ C ⊕
n∑
r=1
nr∑
i=1
V
(r)
i ⊕ Ξ, (15)
where C = Lie(C), V (r)i (i = 1, . . . , nr) for a given r (r = 1, . . . , n) are linear subspaces
carrying the irreducible representation of R equivalent to that in Mr and the subspace Ξ
carries other irreducible representations none of which is equivalent to those in subspaces
Mp in (9). It is clear that n ≤ k. Then the mapping φx is equal to
φx =
n∑
p=1
φ(p)x , (16)
φ(p)x (u) =
np∑
i=1
f
(p)
i (x)φ
(p)
i (up),
where u ∈M, up is the component of the vector u inMp and φ(p)i is an elementary intertwin-
ing operator establishing the homomorphism between subspacesMp ⊂M ⊂ S and V (p)i ⊂ K
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carrying equivalent irreducible representations of R. We will see shortly that the functions
f
(p)
i (x) are scalar fields in the reduced theory. They form multiplets f
(p) = {f (p)1 , . . . , f (p)np }
(in general reducible) with respect to the action of the gauge group C of the reduced theory.
Let us return now to the problem of dimensional reduction of the multidimensional
Einstein-Yang-Mills action (3)-(5) on M(4) × G/H without specifying the type of four-
dimensional spacetime for the time being. Using eqns. (12) - (14) and (16) we carry out the
dimensional reduction of the gauge part of the action (5) and get the following result [8]-[9],
[13]-[14]
SYM =
1
8e2
∫
M(4)
d4x
√
−g(4)(L1(x)
L10
)d1 . . . (
Lk(x)
Lk0
)dk
× [Tr(FµνF µν)−
n∑
p=1
dp
L2p
Tr|Dµf (p)(x)|2 − V (f ;Lp)], (17)
where Fµν and Dµf
(p) are respectively the stress tensor of the gauge field Aµ(x) and the
gauge covariant derivative of the scalar multiplet f (p)(x) (see (14)) and g(4) = det(gµν). The
gauge coupling constant of the reduced theory is given by
e2 = eˆ2/v0(G/H), (18)
where v0(G/H) is the volume of the internal space with characteristic sizes being equal to
L10, . . . , Lk0, parameters to be specified later. V (f) is a quartic self-interaction potential of
the scalar fields equal to
V (f ;Lp) =
n∑
p,q=1
1
L2p
1
L2q
dp∑
i=1
dq∑
j=1
Tr(Fˆ(p,i)(q,j)Fˆ(p,i)(q,j)), (19)
Fˆ(p,i)(q,j) = [φx(Tp,i), φx(Tq,j)]− λ([Tp,i, Tq,j]H)− φx([Tp,i, Tq,j]M),
where similar to previous notations H = Lie(H) and G = Lie(G) = H ⊕M. Thus, the
theory (17) - (19), obtained by dimensional reduction of (5) is the theory of gauge fields
with the gauge group C ⊂ K coupled to the scalar fields f (p)(x). Explicit calculations of
the symmetric gauge 1-form (14) and the intertwining mapping (16) as well as the scalar
potential (19) can be found in [8] - [14], [22], [25].
Let us now discuss dimensional reduction of the Einstein part SE of the multidimen-
sional action (4). Using (12), (13) and performing rather straightforward though lengthy
calculations one gets
SE =
∫
M(4)
d4x
√
−g(4)(L1(x)
L10
)d1 . . . (
Lk(x)
Lk0
)dk
× { 1
16πκ
[R˜(4) +
k∑
p=1
dp
L2p
(Rp − gµν ∂µLp(x)∂νLp(x)
L2p(x)
)
+
k∑
p,q=1
gµνdpdq
∂µLp(x)∂νLq(x)
Lp(x)Lq(x)
]− Λˆv0(G/H)}, (20)
where
κ = κˆ/v0(G/H), (21)
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R˜(4) is the scalar curvature in four dimensions calculated with respect to the metric gµν(x).
The coefficients Rp of the curvature on G/H were calculated using formulas from ref. [26]
(see also [12], [27] and the book [13]):
Rp =
1
2dp
k∑
q,t=1
(
1
2
L4p
L2qL
2
t
− L
2
t
L2q
)Dpqt +
1
2
CG2 (Ad), (22)
Dpqt =
dp∑
i=1
dt∑
j=1
dp∑
m=1
[C
(p,m)
(q,i)(t,j)]
2.
Here C
(p,m)
(q,i)(t,j) are the structure constants of the group G in the basis {Ta¯, Tp,i} introduced
in (10), (11) and CG2 (Ad) is the eigenvalue of the quadratic Casimir operator of G in the
adjoint representation.
For the purpose, which will be seen shortly, we perform the following conformal trans-
formation of the four-dimensional metric:
gµν(x) = (
L1(x)
L10
)d1 . . . (
Lk(x)
Lk0
)dkηµν(x). (23)
Then the action (20) takes the form
SE =
∫
M(4)
d4x
√−η{ 1
16πκ
[R(4) − 1
2
k∑
p,q=1
ηµνQpq
∂µLp∂νLq
LpLq
(24)
+ (
L10
L1
)d1 . . . (
Lk0
Lk
)dk
k∑
p=1
dp
L2p
Rp]− Λˆv0(G/H)
k∏
p=1
(
Lp0
Lp(x)
)dp},
where η = det(ηµν), R
(4) is the scalar curvature in four dimensions calculated with respect
to the metric ηµν and
Qpq = 2dpδpq + dpdq. (25)
We see that after conformal rotation (23) and changing variables
Lp(x) = Lp0e
ψp(x) (26)
the gravitational part of the multidimensional action (3) after dimensional reduction can be
interpreted as Einstein gravity coupled to scalar fields with exponential potential.
Summing up (17) and (24) and taking eqns. (23) and (26) into account we get the formula
for the action of the theory on M(4) obtained by dimensional reduction of a Einstein-Yang-
Mills model on (4 + d)-dimensional spacetime E(4+d) =M(4) ×G/H :
S =
∫
M(4)
d4x
√−η{ 1
16πκ
[R(4) − 1
2
k∑
p,q=1
ηµνQpq∂µψp∂νψq]
+
1
8e2
[e
∑k
p=1
dpψpTrFµνF
µν −
n∑
q=1
dqL
2
q0e
−2ψqTrDµf
(q)(Dµf (q))∗]
−W (ψp, f (q))}, (27)
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where the potential of scalar fields ψp(x) (p = 1, . . . , k) and f
(q)(x) (q = 1, . . . , n ≤ k) is
given by
W (ψp, f
(q)) = e−
∑k
p=1
dpψp(x)[−
k∑
p=1
dp
16πκ
Rp
L2p0
e−2ψp +
Λˆ
16πκ
+
V (f ;Lp)
8e2
]. (28)
Vacua with compactified extra dimensions are static solutions of the classical equations of
motion with finite ψp.
If we neglect contributions from the four-dimensional components of the gauge field
then the compactifying solutions with constant f (q) and ψp are given by the extrema of the
potential W . When four-dimensional spacetime is assumed to be the Minkowski spacetime
then such solutions are usually referred to as spontaneous compactification solutions. When
M(4) is the closed Friedman-Robertson-Walker universe and contributions from nonvanishing
components of Aµ are taken into account, compactifying solutions are determined by the
potential W˜ which is the sum of W and two last terms in the square brackets in (27) which
model contributions from radiation. The term proportional to Tr(FµνF
µν) changes the
asymptotic behaviour of the effective potential of the fields ψp for large |ψ| =
√
ψ21 + . . .+ ψ
2
k
and is important for the stability of the vacua. In the next section contribution of this term
to the effective potential will be calculated explicitly for a certain model.
Eqns. (27) and (28) generalize the results obtained in [21], [22] where the reduction of
the Einstein-Yang-Mills model with G/H being a symmetric space was considered. For a
symmetric space a G-invariant metric (12) on G/H is characterized by one scale L(x), so
that k = 1 in (27), (28).
The kinetic term for the scalar fields ψp(x) in (27) is not diagonal and physical fields are
combinations of ψp which diagonalize it. This is important if issues of dynamics are addresses,
however diagonalization is not necessary for our purpose. Notice also that functions ψp(x)
correspond to scalar fields arising from the metric in the standard Kaluza-Klein theories,
when pure gravity in multidimensional spacetime is considered.
3 Dimensional reduction in the Einstein-Yang-Mills model
with G/H = SO(5)/SU(2)× U(1).
In this section we will consider the Einstein-Yang-Mills theory on spacetime E(10) =M(4) ×
G/H , where the space of extra dimensions is the non-symmetric homogeneous space G/H =
SO(5)/SU(2)×U(1) with G-invariant metric characterized by two scales L1 and L2. In this
case dimG/H = 6 and rankG = rankH which makes the model relevant for the problem
of compactification in superstrings. We will take the gauge group of the multidimensional
Yang-Mills field to be K = SU(2 +m) (m ≥ 3). As it was mentioned in the Introduction
dimensional reduction of the Yang-Mills sector of this model and the scalar potential V (f)
(19) for m = 3 were studied in ref. [11]. Spontaneous compactification solutions for this
model for arbitrary m ≥ 3 were found in [12].
We will begin by recovering the results of [11], [12] concerning the dimensional reduction
in this model with arbitrary four-dimensional spacetime M(4). Our next step will be to
consider the model in a cosmological setting when the four-dimensional part of the Universe
is of the closed Friedman-Robertson-Walker type M(4) = R × S3.
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The decomposition (9) of the linear space M after complexification takes the form
M = M1 ⊕M2, dimM1 = d1 = 4, dimM2 = d2 = 2,
M1 = U1[2(1)] + U¯1[2∗(−1)], (29)
M2 = U2[1(2)] + U¯2[1(−2)],
where the bar over Up means complex conjugation and in square brackets we indicate the
types of the irreducuble representations carried by the subspaces Up and U¯p, (p = 1, 2) with
respect to H = SU(2) × U(1). According to the theory of invariant metrics, sketched in
Sect. 2, the most general SO(5)-invariant metric is given by (12)-(13) and characterized by
two scales. We denote the scale corresponding to M1 by L1 and the one corresponding to
M2 by L2. The homogeneous space G/H = SO(5)/SU(2)×U(1) with such metric is known
as the squashed CP 3 manifold, its properties were discussed in detail in ref. [28]. Often this
space is represented in another equivalent form as Sp(2)/SU(2)× U(1). When
L22 = 2L
2
1 (30)
the metric becomes the Einstein metric (the standard Fubini-Study metric) with SU(4)
symmetry of the symmetric space SU(4)/SU(3)×U(1) corresponding to non-squashed CP 3.
The second Einstein metric with L21 = L
2
2 (the so called normal metric) does not correspond
to any enlargement of the initial SO(5)-symmetry.
Let us consider now the SO(5)-symmetric gauge field configurations. We take the regular
embedding λ : H = SU(2) × U(1) → K = SU(m + 2) defined by the following branching
rule for the fundamental representation m+ 2 of K:
m+ 2 ↓λ(H)= 2(1) +m 1(0)
(we indicate the eigenvalue with respect to the U(1) subgroup of λ(H) in brackets). Then
the gauge group of the reduced theory is C = SU(m) × U(1) and only the irreducible
representations [2(1)] and [2∗(−1)] in (29) are intertwined by the operator φx with the
representations in the decomposition analogous to (15) [12]. Thus n = 1 in eqns. (15),
(16). The multiplet f(x) ≡ f (1)(x) = {f (1)1 (x), . . . , f (1)m (x)} of the scalar fields, given by the
extra dimensional components of the gauge field, transforms as a vector in the fundamental
representation of SU(m) ⊂ C.
The potential V (f ;Lp) of the scalar fields obtained by dimensional reduction of the gauge
sector of the multidimensional theory is given by [12]
V (f ;L1, L2) =
12
L41


(
|f |4 − 2− β
3
)2
+
2m+ 1
9(m+ 2)
− 4
9
β +
2(m− 1)
9(m+ 2)
β2

 , (31)
where β = L21/L
2
2. As it was pointed out in [12] this expression displays the relation between
the existence of the spontaneous symmetry breaking phenomenon in the reduced theory and
the value of β characterizing the geometry of the space of extra dimensions. If β < βcr = 2
the potential (31) is of the Higgs type and the Higgs vacuum is given by |f˜ |2 = (2 − β)/3.
For β ≥ βcr the potential has only trivial minimum |f˜ | = 0. This is summarized in the
following formula for the value of the scalar field minimuzing the potential V (f ;L1, L2):
|f˜ |2 =
{
0 if β ≥ 2
2−β
3
if β < 2.
(32)
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The quantities Rp (p = 1, 2) in eq. (20), (28) are easily calculated using the formulas
(22) and are equal to
R1(β) = 1− 1
2β
, R2(β) =
2
β2
− 3. (33)
The action of the Einstein-Yang-Mills theory under consideration, after reduction to four
dimensions, takes the form (27), (28) with the potential V (f ;ψ1, ψ2) given by the formula
(31) and describes the interaction of four-dimensional Einstein gravity (metric ηµν(x)), non-
abelian gauge field Aµ(x) and the scalar fields fi(x), ψ1(x) and ψ2(x).
In the cosmological setting the four-dimensional spacetime is assumed to have at large
scales the form M(4) = R
1 × S3 = R1 × SO(4)/SO(3). To study the cosmological model
associated with the theory considered here we restrict ourselves to spatially homogeneous
and (partially) isotropic field configurations. This means that we consider gauge field con-
figurations Aµ which are SO(4)-symmetric, a metric ηµν which is SO(4)-invariant and scalar
fields fi, ψp which depend on time t only. Then all physical quantities are spatially homo-
geneous and isotropic. To describe such configurations and to carry out further reduction
of the action we will use the results from the theory of symmetric fields, outlined in the
previuos section, applying them now to the coset space S3 = SO(4)/SO(3). Simple analysis
shows that the most general form of an SO(4)-invariant metric reads
η = −N2(t)dt2 + a2(t)
3∑
a=1
θa(~x)θa(~x), (34)
where the one-forms θa are the components of the Cartan form on S3. They form a moving
coframe on S3. The scale a(t) of the three-dimensional space and the lapse function N(t)
are arbitrary nonvanishing functions of time (cf. (12)).
In our approach contributions to the temperature coming from radiation are modelled
by non-vanishing three-dimensional components of the gauge field. For the sake of simlicity
we will calculate these contributions for m = 3 only, the generalization to m > 3 being
straightforward (recall that m is the integer determining the rank of the multidimensional
gauge group K and of the rank of the gauge group C of the reduced theory). To fix SO(4)-
symmetric gauge fields on S3 we need to choose a homomorphism of the isotropy group
SO(3) of the sphere into the gauge group C = SU(3)×U(1) of the four-dimensional reduced
theory (see (14) and the paragraph before that formula). We denote it by τ and define it to
be an embedding determined by the following requirement: the fundamental representation
of SU(3) ⊂ C restricted to the subgroup τ(SO(3)) ⊂ SU(3) is irreducible,
3 ↓τ(SO(3))= 3.
It can be shown then that the symmetric gauge field is characterised by the function B(t) =
A0(t) and one scalar field h(t) generated by three-dimensional components of the gauge field.
The term quadratic in Fµν in the action (27) is equal to
− Tr(FµνF µν) = 6
N2(t)
h˙2(t)
a2(t)
− 6
a4(t)
(1− h2(t))2, (35)
whereas the covariant derivative of the scalar field takes the form
− Tr|Dµf |2 = 1
N2(t)
|D0f |2 − (1 + h
2(t))
a2(t)
|f(t)|2, (36)
10
where
D0f = f˙ +Bf.
Substituting these expressions to eq. (27) we obtain the following effective action in four
dimensions
S = 16π2
∫
dtNa3{− 3
8πκ
1
a2
(
a˙
N
)2 +
3
32πκ
1
a2
+
1
2
2∑
p,q=1
Qpq(
ψ˙p
N
)2
+ L210e
−2ψ1
2|D0f(t)|2
N2(t)
+
3
4e2
e4ψ1+2ψ2
a2(t)
(h˙(t))2
N2(t)
− W˜ (ψp, f, h)}, (37)
where the scalar potential is the sum of the term W (ψp, f) (28) and the contributions from
the three-dimensional components of the gauge field given by (35), (36):
W˜ (ψp, f, h) =W (ψp, f)+
3
a4(t)
e4ψ1+2ψ2
(1− h2(t))2
4e2
+
2
a2(t)
L210e
−2ψ1(1+h2(t))2|f(t)|2. (38)
Notice that the effective action does not depend on time derivatives of N and B. This means
that these variables play the role of Lagrange multipliers associated with local symmetries
of the effective Lagrangian.
The evolution of the multidimensional Universe described by the model is determined
by the equations of motion for the functions a(t), ψ1(t), ψ2(t), fi(t) and h(t) which can be
obtained from (37), (38). We will analyse solutions of these equations elsewhere. In the
next sections of the present paper the problem of stability of compactifying vacua will be
considered and some qualitative conclusions about compactification of extra dimensions will
be discussed.
4 Stability of compactification without temperature cor-
rections
Let us first find the vacua corresponding to compactification of extra dimensions and analyse
their stability (in fact, we will see that there is only one such vacuum) in the case when all
contributions to the temperature, which are modelled by non-vanishing three-dimensional
components of the gauge field, are neglected. This amounts to dropping out the term with
the time derivative of the scalar field h(t) in the effective action (37) and the last two terms
in (38), i.e. the potential W˜ coinsides with W in this case.
We are looking for the vacua of the model corresponding to the spacetime E(4+d) =
R1×S3×SO(5)/(SU(2)×U(1)) with compactified extra dimensions. Physically interesting
solutions are characterized 1) by a large and growing scale a(t) of the three-dimensional space,
and 2) by small and constant or slowly varying scales L1 and L2. The latter requirement
comes from the fact that four-dimensional couplings, which are known to be constant to a
great accuracy, are related to multidimensional ones by relations like (18), (21). As it was
estimated in ref. [18], for the yield of primordial 4He to be within acceptable limits the ratio
of the value of the size of extra dimensions LD at the epoch of primordial nucleosynthesis to
its present value L must satisfy the bounds: 0.99 ≤ LD/L ≤ 1.01.
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Let us fix the scale parameters L10 and L20 to be such that
L210 =
2v0
R0 , L
2
20 = 2L
2
10, (39)
where v0 = v(f˜ ; 1/2), R0 = R(1/2) = 5/(16πκ), f˜ is determined by eq. (32) and the
functions v(f ; β) and R(β) are related to the scalar potential V (f ;L1, L2) (31) and the
components R1 and R2 (33) as follows:
e−4ψ1
L410
v(f ; β) =
1
8e2
V (f ;L1, L2), (40)
e−2ψ1
L210
R(β) = 1
16πκ
(4R1(β)
e−2ψ1
L210
+ 2R2(β)
e−2ψ2
L220
).
If we now introduce parameter Λ(4) defined by
Λ(4)
16πκ
=
Λˆ
16πκ
− R
2
0
4v0
,
the potential W (ψ1, ψ2; f) in (38) can be written as
W (ψ1, ψ2; f) = e
−6ψ12β{R
2
0
4v0
[
v(f ; β)
v0
e−4ψ1 − 2R(β)R0 e
−2ψ1 + 1] +
Λ(4)
16πκ
}, (41)
where as before β = exp(2(ψ1 − ψ2))/2.
The evolution of the multidimensional Universe, described by the model, is determined
by the equations of motion for the functions a(t), ψ1(t), ψ2(t) and fi(t). We will analyze
dynamical solutions of these equations elsewhere. Here we are interested in the vacua of
the model, i.e. extrema of the potential (41). To simplify the problem let us assume that
f takes the value (32) minimizing v(f ; β) for a given β, that is f = f˜ . Then potential
w(ψ1, β) ≡W (ψ1, ψ2, f˜) takes the form:
w(ψ1, β) = e
−6ψ12β{R
2
0
4v0
[(1− e−2ψ1)2 + (β − 1
2
)F1(β)e
−2ψ1(e−2ψ1 − 1)
+ (β − 1
2
)2F2(β)e
−4ψ1 ] +
Λ(4)
16πκ
}, (42)
for β < 2;
w(ψ1, β) = e
−6ψ12β{R
2
0
4v0
[(1− e−2ψ1)2 − (β − 1
2
)F1(β)e
−2ψ1
+ G2(β)e
−4ψ1 ] +
Λ(4)
16πκ
}, (43)
for β ≥ 2.
The functions Fi(β) and G2(β) are equal to
F1(β) =
2β + 1
3β
, F2(β) =
2
3β
[
2
3
m− 1
m+ 1
β + 1],
G2(β) =
1
3
(
3 +m
m+ 1
+
2m
m+ 1
β2).
12
The plot of the potential w as a function of ψ1 and ψ2 for Λ
(4) = 0 and m = 3 is presented
in Fig. 1.
According to eq. (30) the line β = 1/2 on the (ψ1, β) - plane corresponds to SU(4)-
invariant metrics on the space of extra dimensions realized as the symmetric space SU(4)/SU(3)×
U(1). We have
wsymm(ψ1) ≡ w(ψ1, 1
2
) = e−6ψ1 [
R20
4v0
(1− e−2ψ1)2 + Λ
(4)
16πκ
]. (44)
A potential of this type was studied in [20] - [22]. Let us briefly recall its properties keeping
in mind that in our case v0 > 0. The shape of wsymm(ψ1) depends on the value of the
parameter Λ(4). For 16πκΛ(4) ≥ 5/(12v0) the potential does not have any extrema. For
0 ≤ 16πκΛ(4) < 5
12v0
(45)
the potential has a minimum ψ1min and a maximum ψ1max (see Fig. 2). When the parameters
are tuned in such way that Λ(4) = 0 we get
ψ1min = 0, wsymm(ψ1min) = 0, (46)
ψ1max =
1
2
ln
5
3
, wsymm(ψ1max) =
1
(16πκ)2
(
3
5
)2
16
v0
(47)
According to general arguments [29] solutions (46) and (47) in the class of SU(4)-invariant
metrics must be also extrema in the wider class of SO(5)-invariant metrics on the space of
extra dimensions realized as the homogeneous space G/H = SO(5)/SU(2)× U(1). Indeed,
it is easy to check that the potential w(ψ1, β) (42)-(43) for Λ
(4) = 0 has the minimum
(ψ1, β)min = (0,
1
2
), w(0,
1
2
) = 0 (48)
and the saddle point
(ψ1, β)saddle = (ψ1max,
1
2
), w(ψ1max,
1
2
) =
1
(16πκ)2
(
3
5
)2
16
v0
(49)
with ψ1max given by eq. (47). One can also show by straightforward calculations that
there are no other extrema of w(ψ1, β) corresponding to cosmological solutions E(10) =
R1 × S3 × SO(5)/SU(2) × U(1) with compactified spacelike extra dimensions. We would
like to notice here that spontaneous compactification solutions for E(10) = M
4 × SO(2k +
1)/SU(k) × U(1), (k ≥ 2) with both spacelike and timelike extra dimensions were found
and studied in [12]. In that case there is only one solution with spacelike extra dimensions,
it corresponds to (48) in the limit of infinite size a = ∞ of three dimensions. The relation
between compactifying cosmological solutions, corresponding to four-dimensional spacetime
M(4) being of the closed Friedman-Robertson-Walker type, and spontaneous compactification
solutions, corresponding to the four-dimensional spacetime being the Minkowski spacetime,
is discussed in the Appendix.
We see now that the parameters L10 and L20 given by eq. (39) are characteristic scales
of the compactified internal space corresponding to the minimum (48) of the potential when
Λ(4) = 0.
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Let us discuss now the potential w(ψ1, β) ≡ w(ψ1, ψ2; f˜) for small Λ(4), namely for
|16πκΛ(4)| ≪ 1 (see below). It is clear that its shape deforms only slightly in compari-
son with the case Λ(4) = 0. It turns out that its minimum and its maximum are located on
the line β = 1/2 for all values of Λ(4) satisfying condition (45). Thus, the potential reaches
its minimum at (
ψ1min ≈ 16πκΛ(4)3v0
25
, βmin =
1
2
)
and
w(ψ1min, βmin) =
Λ(4)
16πκ
(
1 +O(16πκΛ(4))
)
.
We see that parameter Λ(4) is the cosmological constant of the reduced theory in four di-
mensions.
There are two directions in the (ψ1, ψ2)-plane along which the potential approaches con-
stant values when |ψ1|, |ψ2| → ∞:
a) ψ1 = 0, ψ2 → +∞ or β → 0
w(0, β) ∼ 1
(16πκ)2
12
v0
b) ψ1 →∞, ψ2 = −2
3
ψ1 or β =
1
2
e10ψ1/3,
w(ψ1,
1
2
e10ψ1/3) ∼ 1
(16πκ)2
6m
m+ 1
1
v0
If we introduce variables Ψ =
√
ψ21 + ψ
2
2 and α = arctan(ψ2/ψ1), then when Ψ→∞ the
potential grows exponentially in the sector (− arctan 2
3
) < α < pi
2
and decreases exponentially
to zero in the sector pi
2
< α < 2π−arctan 2
3
. There is a hollow centered at the minimum of the
potential; if Λ(4) = 0 it reaches zero at ψ1 = ψ2 = 0 (see (48)). The hollow is separated from
the region of exponential decreasing of the potential by a ridge joining the rays α = (π/2)
and α = − arctan(2/3) with the pass at the saddle point (49).
Thus, we see that for zero temperature the compactifying solution exists which is classi-
cally stable. The interesting feature is that the minimum of the potential of the model has
higher symmetry than a general configuration, namely it corresponds to the SU(4)-invariant
metric satisfying (30) (or β = 1/2). We will show in the next section this property of the
vacuum is not affected by non-zero temperature contributions.
When Λ(4) > 0 the minimum is semiclassically unstable because of non-zero probability
of quantum tunneling to the region of exponential vanishing of the potential. This region
corresponds to unlimited growth of the scales of the internal space and thus to decompact-
ification of extra dimensions. However, since the multidimensional cosmological constant
must be fine-tuned in the appropriate way so that the four-dimensional cosmological con-
stant satisfies the bound 16πκ|Λ(4)| < 10−120, the tunelling rates of the dilaton fields ψ1 and
ψ2 appear to be extremely small and the lifetime of the metastable vacuum near ψ1 = ψ2 = 0
exceeds the age of the Universe [22].
In the next section we will study the potential of the dilaton fields ψ1 and ψ2 when
temperature effects in the radiation dominated period, which follows inflation, are taken
into account.
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5 Stability of compactification after inflation
The analysis carried out in [21] and the arguments presented in [22] show that in the case
of a symmetric internal space the expansion of three spatial dimensions provided by the
dilaton field is only of the power type a(t) ∼ tp with p < 1 and that there is no any natural
mechanism of achieving inflation driven by the dilaton. Similar considerations are also true
in our case, and therefore in order to achieve a successful period of inflation one needs
necessarily to add an inflaton sector. Thus we assume that the inflation of the macroscopic
dimensions was driven by some additional inflaton field and the process of shrinking of extra
dimensions to a small size took place at the period that followed the accelerated expansion
of the spatial dimensions of M(4) and subsequent reheating. In this section we consider the
process of spontaneous compactification of extra dimensions during this period when the
Universe was radiation dominated. Similarly to the paper [22] we describe this situation by
assuming that the main contribution to the temperature comes from nonvanishing external
space components of the gauge field Aµ (µ = 0, 1, 2, 3). As it has been already explained in
Sect. 3 in accordance with the type of the cosmological model considered here, we assume
also that all physical observables are spatially homogeneous. This means that the fields ψi
and fi depend on t only and Aµ is symmetric under the action of SO(4). For the sake of
simlicity we will restrict ourselves to the case m = 3, i.e. the gauge group of the initial
10-dimensional theory is K = SU(5) and the gauge group after dimensional reduction to
four dimensions is C = SU(3)×U(1). The action of the effective theory in the cosmological
setting was derived in Sect. 3 and is given by eqns. (37) - (38). The contribution of the four
dimensional components of the gauge field to the energy density is given by
ρ(ψp, f, h) =
1
a4
3
4e2
e4ψ1+2ψ2 [a2h˙2 + (1− h2)2] + 2
a2
L210e
−2ψ1(1 + h)2|f |2. (50)
After inflation the vacuum energy density is transformed into thermal energy ρ via large
nonstatic vacuum expectation values for h. As before we assume that the internal compo-
nents of the gauge field, described by f , are given by the static minimum f˜ (32). It was
shown in [22] that this assumption is self-consistent. Then the dynamics of the dilaton fields
is governed by the potential
W˜ (ψp, fmin, h) =W (ψp, fmin) + ρ(ψp, fmin, h).
During inflation the scale factor a(t) grows exponentially. Therefore the last term in (50)
does not change the minimum f˜ essentially. By introducing the temperature associated with
the gauge field Aµ(x), T ∼ 1/a, we obtain
ρ(ψp, f, h) = σT
4e4ψ1+2ψ2
with σ being a constant of the order one. The potential describing the dymanics of ψ1 and
ψ2 now is equal to
w˜(ψ1, β) = w(ψ1, β) +
σT 4
2β
e6ψ1 , (51)
where w(ψ1, β) is given by (42), (43). For non-zero temperature it grows exponentially when
Ψ ≡
√
ψ21 + ψ
2
2 goes to infinity, for Λ
(4) = 0 and m = 3 its shape is shown in Fig. 3. When
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T 6= 0 the potential w˜ has more extrema than in the case T = 0 and we are going to discuss
them now. For the analysis that follows it is convenient to introduce the notation
A = R
2
0
4v0
.
After the inflation the temperature satisfies T ≤ 10−5/√16πκ. Therefore, in the region
of finite Ψ the second term in eq. (51) leads to small shifts of the positions of the extrema
of w only and the types of the extrema remain to be the same. Thus, the potential w˜ has
a saddle point (ψ1, β)saddle, with β = 1/2 and ψ1 differring from (ψ1)max in (49) by small
temperature corrections, and a minimum with
ψ1min = −σT
4
4A , βmin =
1
2
, (52)
w˜min ≡ w˜(ψ1min, βmin) ≃ σT 4
(cf. (48)). Notice that even for non-zero temperature the saddle point and the minimum
are located on the line β = 1/2 corresponding to invariant metrics with higher symmetry,
namely to SU(4)-invariant metrics of the symmetric space SU(4)/SU(3) × U(1). Another
minimum, which exists when T 6= 0, is located also on this line but far from the origin of
the (ψ1, ψ2)-plane:
ψ1a ≃ 1
12
ln
3A
σT 4
, βa =
1
2
, (53)
w˜a ≡ w˜(ψ1a, βa) ≃ 2T 2
√
σA(1− (σT
4
A )
1/6).
The minima analogous to (52) and (53) were found and analyzed in the paper [22] where
the case of symmetric space of extra dimensions was considered.
The potential w˜ has two more extrema which are located away from the line β = 1/2 of
SU(4)-invariant metrics. One of them is a saddle point
ψ1b ≃ 1
12
ln
4A
σT 4
, βb ≃ 1 + (σT
4
4A ), (54)
w˜b ≡ w˜(ψ1b, βb) ≃ 2T 2
√
σA(1− 5
4
(
σT 4
4A )
1/6),
and another is a minimum
ψ1c ≃ 1
8
ln(
112
81
A
σT 4
), βc ≃ 4
9
(
7A
σT 4
)1/4, (55)
w˜c ≡ w˜(ψ1c, βc) ≃ 2
3
T 2
√
7Aσ.
Notice that the saddle point (54) exceeds the minimum (53) in the subleading order in T :
w˜b − w˜a ∼ T 8/3. Another feature of this saddle point of the potential is that βb → 1 when
T → 0 and the invariant metric on the space of extra dimensions asymptotically approaches
the second Einstein metric with L1 = L2 (see Sect. 3).
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We see that w˜min is the absolute minimum of the potential. So, the configuration (52)
is the true vacuum with compactified extra dimensions and it is semiclassically stable when
the temperature is non-zero.
The second minimum (53) corresponds to the metastable vacuum with relatively large
sizes L1 and L2 of extra dimensions, which grow to infinity when T → 0. This means decom-
pactification of extra dimensions. If the Universe appeared to be in this state after inflation,
it would tend to tunnel to the vacuum (ψ1min, 1/2) with compactified extra dimensions.
However, as it was estimated in [22] for the symmetric case, the lifetime of the metastable
vacuum (ψ1a, βa = 1/2) exceeds the present age of the Universe and thus the situation when
the system arrives to this vacuum as result of the dynamical evolution is unsatisfactory from
the phenomenological point of view.
The minimum (ψ1c, βc) is determined by the part of the potential described by the ex-
pression (43). It has rather interesting feature. As it can be easily seen from (55) when
the temperature vanishes the scale L1 increases to infinity whereas the scale L2 approaches
a constant value: L2 →
√
3L20/2, where L20 is given by (39). This means that if the
system rests in this metastable vacuum (similar to the case of the minimum (ψ1a, 1/2) its
lifetime exceeds the lifetime of the Universe) four out of six extra dimensions, corresponding
to the subspace M1 in the decomposition (29), decompactify whereas the two-dimensional
subspace, corresponding to M2, remains to be compact. Thus, in the limit of small tem-
perature this vacuum effectively describes the Universe with eight macroscopic dimensions
whereas the true vacuum (52) corresponds to the one with four macroscopic dimensions.
Depending on the initial conditions the system ends up its evolution in one of the minima
found above and, therefore, depending on the initial conditions that or another number of
macroscopic dimensions develops dynamically in the Universe. This mechanism might be
important for describing topological transitions in the space of macroscopic dimensions in
the early Universe.
6 Conclusions
In the present paper we have considered the problem of compactification after inflation,
i.e. after reheating in the Einstein-Yang-Mills theory with extra dimensions being the non-
symmetric homogeneous space G/H = SO(5)/SU(2) × U(1). Our aim was to analyze the
model in the cosmological setting, so we have imposed the condition that the relevant fields
were spatially homogeneous. We have taken into account non-vanishing components of the
gauge field in four dimensions and this allowed us to introduce the temperature into our
analysis.
The space of all SO(5)-invariant metrics on the space of extra dimensions in the model is
characterized by two scales, L1 and L2. In this sence our results are complementary to those
of ref.[22] where the case of symmetric space of extra dimensions was considered. We studied
configurations corresponding to compactifying solutions of the Einstein-Yang-Mills system.
For non-vanishing temperature there is a static configuration with four macroscopic dimen-
sions represented by the Friedman-Robertson-Walker spacetime R1 × S3 and six compact
dimensions. We found that this solution is the absolute minimum of the effective poten-
tial. It describes a metric with higher symmetry, namely the SU(4)-metric with L22 = 2L
2
1,
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and the geometry of the space of extra dimensions equal to that of the symmetric space
SU(4)/SU(3)× U(1).
Furthermore, we find that at a non-zero temperature there are two other minima of
the effective potential which are semiclassically unstable. One minimum corresponds to the
symmetric space of extra dimensions with all six additional dimensions being decompactified
when the temperature goes to zero. Another minimum corresponds to the non-symmetric
space of extra dimensions and when T → 0 four of additional dimensions decompactify
whereas two of them remain compact. The rates of transitions from these vacua to the
true compactified vacuum are very low and, thus, if after the inflation the Universe had
been trapped in one of them this would be in contradiction with the standard cosmological
scenario. However, this model gives an example when the number of macroscopic and com-
pact dimensions and their topology depend on the type the vacuum in which the Universe
was trapped after the inflation. This suggests a type of the mechanism which might be
responsible for topological transitions in the early Universe. In our model the vacuum with
four macroscopic dimensions and six-dimensional compact symmetric homogeneous space of
extra dimensions is the true vacuum of the system.
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Appendix
In this Appendix we discuss the relation between the spontaneous compactification solu-
tions with spacetime M4×G/H , where M4 is the Minkowski spacetime, and compactifying
solutions in a cosmological setting with spacetime R1 × S3 × G/H for Einstein-Yang-Mills
theories 1. For the purpose of simplicity we will restrict ourselves to the case of symmetric
space G/H , the generalization to the non-symmetic case is straightforward. We also assume
that four-dimensional components of the gauge field are equal to zero.
For (4 + d)-dimensional spacetime M(4) ×G/H with arbitrary four-dimensional M(4) the
Einstein equations read
Rˆµν − 1
2
gµνRˆ = −αgµνTrFˆ 2 + Λˆgµν
Rˆmn − 1
2
gmnRˆ = −α(gmnTrFˆ 2 − 4TrFˆmkFˆ kn ) + Λˆgmn,
where α = 4πκ/e2 and µ, ν = 0, 1, 2, 3, m,n = 4, . . . , 3 + d. For invariant metric and
symmetric gauge fields on G/H this system can be easily transformed into the pair of com-
pactification equations:
R(4) = − 2
d+ 2
αTrFˆ 2 − 8Λˆ
d+ 2
(56)
R(d) =
2(d+ 4)
d+ 2
αTrFˆ 2 − 2d
d+ 2
Λˆ (57)
where R(4) and R(d) are scalar curvatures of four-dimensional spacetime and the space of
extra dimensions respectively. Obviously, Rˆ = R(4) + R(d). Now we take into account that
for G-invariant metric and G-symmetric gauge field on the symmetric space G/H
R(d) =
k
L2
, T rFˆ 2 =
v(f)
L4
,
where L is the scale of the space of extra dimensions, k is some constant and v(f) is the
potential of the scalar field f of the reduced theory (cf. (19), (40)). From the Yang-Mills
equation it follows that the scalar field must be equal to one of the extrema of the potential
[10], [13] - [12], we choose it to be equal to the minimum of the potential, f = f˜ , as in Sect. 4.
The important point here is whether the potential v(f) equals zero or not at the minimum.
This property of the potential depends on the homomorphism τ from the isotropy group
H into the gauge group K of the multidimensional theory (see Sect. 2). We will assume
here that v˜ = v(f˜) 6= 0, otherwise the Einstein-Yang-Mills model does not have spontaneous
compactification solutions.
Let us consider first the spontaneous compactification solution when four-dimensional
spacetime is the Minkowski space M4. Then R(4) = 0 and the first equation (56) gives a
relation between the multidimensional cosmological constant Λˆ and v˜. This relation is exactly
1The authors benefited very much from pleasant and illuminative discussions of this problem with J.
Moura˜o
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the condition of the vanishing of the four-dimensional cosmological constant in the reduced
theory. The second equation (57) then gives the value of the radius of compactification:
L2SC =
4αv˜
k
. (58)
Now let us study similar problem but when four-dimensional spacetime is the closed
Friedman-Robertson-Walker Universe M(4) = R
1 × S3 with the metric (34). In this case we
look for solutions with positive and (in general) non-constant radius a(t) of three-dimensional
space and constant size L of the compact space of extra dimensions and consider Λˆ as a
parameter. The second equation (57) gives us two solutions L− and L+ which depend on
Λˆ. It is easy to check that, if 0 < (−Λˆ) < k2/(−16αv˜d(d + 4)(d + 2)2), one of them is a
minimum (we denote it L−) and another is a maximum of the effective potential
W (L) = (
L
L0
)−d(− k
L2
2αv˜
L4
− 2Λˆ)
of the reduced theory analogous to (28). If we impose the additional condition W− ≡
W (L−) = 0, which means vanishing of the four-dimensional cosmological constant in the
vacuum L−, then we will find that the multidimensional cosmological constants must be fine
tuned to be Λˆ = k2/(16αv˜) and
L2− =
4αv˜
k
, (59)
L2+ =
4αv˜(d+ 4)
kd
. (60)
This result was obtained in a number of papers, see e.g. [21], [22]. Notice that the value of
the radius of extra dimensions in the compactification vacuum given by eq. (59) coincides
with the spontaneus compactification solution (58). Then, from the first equation (56) it
follows that for L = L− the scalar curvature of four-dimensional spacetime R
(4) = 0. This
means that either M(4) is the Minkowski space (this case was discussed above) or a˙ 6= 0.
From (56) it also follows that the solution L+ exists for R
(4) > 0 only.
We see that if the condition of the vanishing of the four-dimensional cosmological constant
is imposed, the spontaneous compactification solution for L always survives in a cosmological
setting. But in the latter case we have additional solution with positive scalar curvature of
four-dimensional spacetime, which does not exist when M(4) = M
4.
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Figure captions
Fig. 1 Potential w(ψ1, ψ2) of the model obtained by dimensional reduction of the ten-
dimensional Einstein-Yang-Mills theory with the space of extra dimensions SO(5)/SU(2)×
U(1). Zero temperature case. The plotted function is given by eqns. (42), (43) (recall
that β = e2(ψ1−ψ2)/2) with Λ(4) = 0 and m = 3.
Fig. 2 Function wsymm(ψ1) given by eq. (44) for Λ
(4) = 0. This plot is the section of the
surface in Fig. 1 for β = 1/2.
Fig. 3 Potential w˜(ψ1, ψ2) of the model for non-zero temperature (see eq. (51)) for Λ
(4) = 0,
m = 3, σv0 = 1 and T = 10
−3/
√
16πκ.
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